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Abstract
We show that the photoassociation (PA) rate of ultracold diatomic molecules in the vicinity of a Feshbach resonance
could be used to probe variations of the electron-to-proton mass ratio β = me/mp, a quantity related to other fun-
damental constants via the ΛQCD scale. The PA rate exhibits two features near a Feshbach resonance, a minimum
and a maximum, which are very sensitive to the details of the interactions and the exact mass of the system. The
effect and detection threshold are illustrated in the formation rates of ultracold Li2 and LiNa molecules by perform-
ing coupled-channel calculations in an external magnetic field. We find that the PA rate is particularly sensitive near
narrow Feshbach resonances in heavy molecules, where it might be possible to detect relative variability of β on the
order of 10−15 − 10−16. We also use a two-channel model to derive a proportionality relation between the variation of
the PA rate and β applicable to diatomic molecules.
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1. Introduction
Quasar absorption spectra hint that the fundamen-
tal constants may have changed over the history of the
Universe [1, 2, 3, 4, 5, 6, 7]. If proved correct, there
would be a profound impact on the fundamental laws
of physics. Perhaps most importantly, the equivalence
principle in general relativity would be violated, lead-
ing to a change of our understanding of cosmology
[8]. Modern theories aiming to unify the four funda-
mental forces often allow temporal and spatial varia-
tions of the fine structure constant α = e2/~c and the
electron-proton mass ratio β = me/mp due to the dra-
matic changes in the Universe’s structure during its evo-
lution. Grand unification theories also suggest more
than one mechanism to make all coupling constants and
elementary particle masses time- and space-dependent.
A detailed review of the connection between the funda-
mental constants and their significance in different the-
oretical frameworks can be found in Ref. [9].
In addition to astrophysical observations, limits on
detection of the space-time variability of fundamental
constants have been established from the Oklo natural
nuclear reactor [10], Big Bang Nucleosynthesis [11],
cosmic microwave background [12], meteorites [13],
and precision laboratory measurements using optical
and microwave atomic fountain clocks [14, 15, 16, 17].
A good summary of the present day values is given
in Refs. [2, 3, 18]. So far these experiments have
not detected a variation of any of the fundamental con-
stants. However, this neither confirms nor contradicts
the quasar spectra observations since they probe very
different epochs in the evolution of the Universe.
Recent developments in ultracold atomic and molec-
ular physics offer new possibilities for precision mea-
surement experiments [19]. On one hand, atomic and
molecular spectra depend on α through relativistic cor-
rections which are observable as the fine structure,
Lamb shift, hyperfine structure, and other small per-
turbations. On the other hand, molecular bound lev-
els and certain types of molecular couplings depend on
the mass, making phenomena depending on them (such
as Feshbach resonances in ultracold atomic samples
[20]) particularly well adapted to investigate the rela-
tive variation of dimensionless electron-proton mass ra-
tio δβ/β over time. This can be understood as molecules
are bound by the electronic interaction (making molec-
ular interaction potential electronic in origin), while
the mass of the individual atoms is mostly baryonic.
Both scattering and spectroscopic properties of ultra-
cold molecules, such as the scattering length or position
of the last vibrational energy level, are very sensitive to
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β. Particularly suitable atomic and molecular systems
have quasi-degenerate levels caused by the coupling
terms of different nature. A number of methods to mea-
sure the variation of β in such systems have been pro-
posed [19, 21, 22, 23, 24, 25, 26, 27, 28]. The suggested
experiments may be able to detect a time variation on
the order of β˙/β ∼ 10−15/year or better [9, 10, 22], inde-
pendently of the results obtained by the atomic clocks.
Chin and Flambaum have studied the variation of β
near a Feshbach resonance and derived a proportional-
ity relation between the relative variations of the zero-
energy atom-atom scattering length [20] and electron-
proton mass ratio. The proportionality factor between
the two quantities can be very large for suitable sys-
tems, implying that an indirect method for detecting
small changes in β could be based on measuring the
relative variation of the scattering length near a Fesh-
bach resonance. This approach can be applied to any
diatomic system as long as Feshbach resonances can be
found or induced.
Motivated by the result of Ref. [20] and growing
interest in a search for variability of fundamental con-
stants, we propose a new approach to accurately mea-
sure temporal variation of β using photoassociative Fes-
hbach spectroscopy in an ultracold gas. Photoassocia-
tive spectroscopy is an accurate and robust technique
that has been used successfully to obtain high resolu-
tion spectra of molecular states in optically cooled gases
[29, 30], such as two-photon spectrocopy [31]. It also
allowed studies of the scattering length between atoms
[32, 33, 34], and of the formation of ultracold molecules
in their ground electronic states [35, 36, 37]. It has been
predicted theoretically [38, 39] and observed in exper-
iments [40, 41] that the PA rate of diatomic molecules
near a magnetic Feshbach resonance can be enhanced
by several orders of magnitude. The enhancement is
caused by a large increase in the short-range amplitude
of the open-channel component of the scattering wave
function, leading to higher probability density and in-
creased dipole transition rates between the scattering
state and a target excited state at small internuclear sep-
aration.
In this article, we demonstrate the enhanced sensi-
tivity of two features in the PA rate (a minimum and a
maximum) near a Feshbach resonance to the variability
of β, should such variation exist in Nature. Our calcu-
lations suggest that an even larger proportionality factor
than predicted in Ref. [20] can be expected between
these quantities in suitable diatomic systems. We inves-
tigate in more detail the enhancement factor at the PA
minimum, which is particularly interesting for potential
experimental realizations as its position does not depend
on the laser intensity [42, 43], nor suffers from the per-
turbations present in the strongly interacting regime as-
sociated with the very large scattering length at the res-
onance.
2. Theory
The PA rate coefficient Kb, for a molecule photoas-
sociated in a bound ro-vibrational level b = (v, j) of
a target electronic state from a pair of colliding atoms,
can be expressed as Kb = 〈vrelσb〉, where vrel is the rela-
tive velocity of the approaching atoms and σb is the PA
cross section for the corresponding bound level b. Here,
the brackets indicate averaging over the relative veloc-
ity distribution of the colliding atoms. If a Maxwell-
Boltzman distribution of velocities characterized by the
temperature T is assumed, the PA rate coefficient be-
comes [44, 45].
Kb(T ) =
kBT
hQT
∫ ∞
0
|S b(ε, `, ω)|2e−ε/kBT dεkBT , (1)
where QT = (2piµkBT/h2)3/2 is the translational par-
tition function and ε = ~2k2/2µ is the asymptotic ki-
netic energy for the colliding atom pair of reduced mass
µ, ~ω is the photon energy, kB is Boltzmann constant,
S b(ε, `, ω) is the S -matrix element for the PA process,
and ` is the quantum number describing the relative an-
gular momentum of the colliding atoms. Near an iso-
lated bound level b, the S -matrix has the form [44]
|S b(ε, `, ω)|2 = γbγs
(ε − ∆b)2 + 14 (γs + γb)2
, (2)
where ∆b = Eb − ~ω is the photon frequency detun-
ing relative to the ro-vibrational level b = (v, j) of the
target molecular state of energy Eb, γb is its natural
linewidth, and γs(ε, `) is the stimulated linewidth result-
ing from the laser coupling. Here, all other possible de-
cay processes, such as predissociation, ionization, etc.,
are neglected. We note that in the unitarity limit, where
|S |2 = 1, the maximum value of the PA rate coefficient
(1) is given by
Kmaxb =
kBT
hQT
=
h2
(2piµ)3/2
1√
kBT
. (3)
For low PA laser intensities, where multi-photon
or ionization processes can be neglected, γs can be
obtained using the Fermi’s golden rule, resulting in
[44, 45]
γs(ε, `) =
piI
0c
|〈b|D(R)|ε, `〉|2, (4)
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Figure 1: Top: Scattering length as a function of magnetic field for di-
atomic collision of 7Li in the initial hyperfine channel | f1 = 1,m f1 =
1〉| f2 = 1,m f2 = 1〉. The background scattering length abg, the reso-
nance position B0, and the resonance width ∆B are indicated. Bottom:
The PA rate Kb for the formation of 7Li2 molecule in b = (83, 1) of
13Σ+g electronic state for a low laser intensity, I = 1 mW/cm
2. Numer-
ical calculation (circles) and two-channel model with C1 = −7.541
(solid line) are shown. The position of the sharp minimum at Bmin
and the associated scattering length a(Bm) ' 100 a0 are also shown.
where 0 and c are the vacuum permittivity and speed of
light, respectively, I is the PA laser intensity, |ε, `〉 and
|b〉 are the energy-normalized initial continuum state
and the final bound ro-vibrational state, respectively,
D(R) is the transition dipole moment between these
states, and R is the internuclear separation. Both the
initial and final state wave functions depend on the in-
ternuclear separation.
If an external magnetic field is applied, it breaks the
degeneracy of molecular hyperfine states and produces
a Zeeman shift of the energy levels of the interacting
atoms. A magnetic Feshbach resonance occurs if the
energy of a bound ro-vibrational level in the molecu-
lar ground state in closed channel is shifted by the field
to coincide with the asymptotic energy of the colliding
atoms [46].
In the presence of a single magnetic Feshbach reso-
nance, the real part of the atom-atom scattering length a
can be parametrized as a function of the magnetic field
B according to [47]
a(B) = abg(B)
(
1 +
∆B
B − B0
)
, (5)
where ∆B is related to the width of the Feshbach res-
onance (proportional to the coupling strength between
the scattering channels), and B0 is the resonant magnetic
field. The background scattering length abg(B) depends
on the magnetic field weakly and can be assumed to be
VCψ0 E0
VO
E
ψreg
R
E
Figure 2: Schematic representation of a Feshbach resonance in a two-
channel system. The eigenstates, or channels, |O〉 and |C〉 correspond
to the energeticaly open and closed molecular potentials, VO and VC ,
respectively. A Feshbach resonance occurs for the collision energy E
equal to the bound state energy E0 in the closed channel.
constant. A typical behavior of the scattering length
a(B) is illustrated in Fig. 1(a) for a s-wave Feshbach
resonance in 7Li (see next section for details).
Photoassociation in an external magnetic field can
be described by a two-channel model that includes one
open channel |O〉 with amplitude ΨO(R) and a closed
channel |C〉 with amplitude ΨC(R), typically coupled by
hyperfine and Zeeman interactions (Fig. 2) [38]. The
total s-wave (` = 0) scattering state can then be written
as
|Φ〉tot = ΨO(R)|O〉 + ΨC(R)|C〉, (6)
with
ΨO(R) = ψreg(R) + tan δ ψirr(R) (7)
ΨC(R) = −
√
2
piΓ
sin δ ψ0(R), (8)
where ψreg is the “regular” scattering wave function, i.e.
without coupling to the closed channel, and ψirr is the
“irregular” scattering wave function arising from that
coupling. The amount of coupling is dictated by the
resonant phase shift δ(k), which depends on the prox-
imity of the scattering energy ε to E0, the energy of a
bound state in the closed channel described by the wave
function ψ0(R). Here Γ is the width of the resonance.
At ultralow energies, the coupling is related to the scat-
tering length by tan(δ + δbg) = −ka, where the back-
ground scattering length and phase shift are related by
tan δbg = −kabg.
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From Eqs. (4) and (6), the stimulated linewidth γs
can be expressed as [42]
γs = γ
off
s |1 +C1 tan δ +C2 sin δ|2, (9)
where γoffs (ε, `) = (piI/0c)|〈b|D|ψreg〉|2 is the off-
resonant stimulated linewidth. The dimensionless co-
efficients C1(b, k) and C2(b, k) are defined for each ro-
vibrational level b as ratios of transition dipole matrix
elements between the open and closed channel [38]:
C1(b, k) =
〈b|D|ψirr〉
〈b|D|ψreg〉 , (10)
C2(b, k) = −
√
2
piΓ
〈b|D|ψ0〉
〈b|D|ψreg〉 , (11)
where Γ, the true resonance width, is related to ∆B [48].
The relative importance of C1 and C2 depends on the
selected target ro-vibrational level b. For the molecules
produced in high vibrational levels close to the dissoci-
ation energy of a particular electronic state, overlap be-
tween |b〉 and |ψ0〉 is typically small, leading toC2 much
smaller than C1, or |C2/C1|  1, so that the second term
in Eq. (9) can be neglected [38]. Therefore, for simplic-
ity, we assume this condition to be valid in the following
sections. Note that tan δ and γs become very large at the
resonance, so the saturation effects, even at low laser
intensities, become important [42].
The structure of γs in Eq. (9) implies the existence of
another feature, shifted away from the resonance (see
Fig. 1); for δ  1, so that (C1 + C2)δ ' −1, γs will
become small, allowing an approximate expression for
the PA rate coefficient Kb(T ). In fact, if γs/γb  1, the
S -matrix (2) can then be approximated by [45, 49]
|S b(ε, `, ω)|2 ≈ 2piγs(ε, `)δ(ε − ∆b), (12)
and substituting this expression in Eq. (1), the maxi-
mum PA rate is obtained at ∆b = kBT/2, so that a simple
expression is obtained
Kb(T ) =
2pi
h
e−1/2
QT
γs(kBT/2, `), (13)
= Koffb (T )|1 +C1 tan δ +C2 sin δ|2, (14)
where Koffb (T ) =
2pi
h
e−1/2
QT
γoffs (kBT/2, `).
Fig. 1(b) shows the two features in the PA rate: the
large increase near the resonance at B0 and the sharp
decrease at Bmin. The validity of the approximate ex-
pression (14) away from the resonance is discussed in
detail in the next section.
3. Results and discussion
3.1. Photoassociation rate of 7Li2
Photoassociation of 7Li2 molecules from an ultracold
atomic gas of lithium has been reported to be enhanced
by up three orders of magnitude near a Feshbach res-
onance [40, 42]. Before we proceed to relate the PA
rate to the variation of β, we reproduce the reported re-
sults and represent the rate using the two-channel model
given in the previous section.
We consider single-photon photoassociation of 7Li2
molecules in the bound level b = (83, 1) of the 13Σ+g
electronic state, in the external magnetic field B. We
also assume that the ultracold atomic gas is initially
prepared in the least energetic high-field seeking hy-
perfine state, represented in the coupled hyperfine basis
as | f1 = 1,m f1 = 1〉| f2 = 1,m f2 = 1〉. In this par-
ticular channel there exists a broad Feshbach resonance
[46, 50] that can be characterized using Eq. (5) with
B0 = 736 G, ∆B = 200 G and abg = −18 a0 (Fig. 1(a)).
Using Eq. (1) with transition dipole moments D(R)
from Ref. [51], we calculate the PA rate Kb for the
states b = (v, 1), for all vibrational levels v of the elec-
tronic state 13Σ+g of Li2 molecule. We model the dy-
namics using the Hamiltonian given in Ref. [38] with
the spin-spin interaction term neglected, and solve the
resulting close-coupling equations. Numerical solution
of the multichannel system is obtained using a variable-
step mapped Fourier grid method [52], where the box
and step size are specified by setting the maximum in-
ternuclear distance to Rmax = 300 a0 and mapping po-
tential is calculated based on the local momentum. The
coefficients C1 and C2 are determined from the best fit
to the form given in Eq. (9) and compared to the numer-
ical result for a range of PA laser intensities to verify the
validity of the two-channel model. The resulting PA rate
for the collision energy ε/kB = 10 µK and PA laser in-
tensities I = 1 mW/cm2 and 1.6 W/cm2, respectively, is
shown in Figs. 1(b) and 3. The conditions in Fig. 3 cor-
respond to those reported in the experiment of Hulet’s
group [40]. Our results are in agreement with an earlier
theoretical analysis [42].
The PA rate exhibits two prominent features, at about
710 G and 736 G (Fig. 3). The minimum located
at Bmin is caused by the “destructive interference” (i.e.
(C1 + C2)δ ' −1), due to small Franck-Condon overlap
between the initial scattering state (or Feshbach state)
and the target ro-vibrational level b. The second feature
appears at the Feshbach resonance (B0), where the ini-
tial and final states are resonantly coupled, resulting in
a completely saturated transition (the unitarity limit is
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Figure 3: Photoassociation rate Kb for 7Li2 (13Σ+g , b = (83, 1)) as
a function of the magnetic field. The initial hyperfine state | f1 =
1,m f1 = 1〉| f2 = 1,m f2 = 1〉 is assumed. The results of a full
coupled-channel calculation (circles), the two-channel model with
C1 = −7.541 and C2 = 0 (solid line), and the experimental measure-
ments [40] (squares) with corresponding error bars are shown. The
unitarity limit Kmaxb (dotted line) and the approximate expression for
Kb (Eq. (14)) (dashed line) are given.
easily reached). At the resonance, according to the two-
channel model, γb/γs  1, resulting in a sharp decrease
in Kb [42]. We note that many phenomena neglected
in the two-channel model would need to be included
to describe accurately the rate at the resonance, such
as a time-dependent treatment to account for the rapid
Rabi-flopping between continuum and bound states, and
many-body effects due to the strongly interacting nature
of the cold gas at resonance (including large three-body
recombination rates, etc.). This is discussed in Refs.
[40, 42].
3.2. Sensitivity of the photoassociation rate to β
To relate the variation of the PA rate Kb to the varia-
tion in β, we restrict the analysis to the weak-field limit,
where γs/γb  1 and |S b(ε, `, ω)|  1. As discussed in
previous section, the weak-field approximation is gen-
erally satisfied for the entire range of magnetic fields,
except in the immediate vicinity of the Feshbach reso-
nance. This point is illustrated in the Fig. 4(a), where Kb
is plotted for three different laser intensities (using the
two-channel model to represent γs). Near the resonance
at B0, where the PA rate reaches the unitarity limit and
saturation effects become relevant, the behavior of Kb
depends strongly on the laser intensity. However, near
the minimum at Bmin, the rate is not affected by the in-
tensity, aside from a linear scaling factor proportional to
the laser intensity I and contained in γoffs . This is clearly
visible in Fig. 4(b), where the dependence on the pref-
actor is removed by computing ∂ ln Kb/∂B.
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Figure 4: Top: Photoassociation rate Kb for 7Li2 (13Σ+g , b = (83, 1))
as a function of the magnetic field for three different laser intensities.
The unitarity limit is indicated by the dotted line. Bottom: Absolute
value of the relative variation of the PA rate K−1b ∂Kb/∂B as a function
of the magnetic field.
Therefore, for simplicity, we focus our treatment on
the minimum of the PA rate, Kb(Bmin), where Eq. (14)
holds. Furthermore, to obtain analytical expressions, we
consider PA to target bound levels b such that C2  C1,
which makes it possible for us to neglect the C2 sin δ
contribution in Eq. (14).
In the ultracold regime, where higher partial waves
can be neglected, the s-wave phase shift is related to the
scattering length as tan(δ + δbg) = −ka, with the back-
ground phase shift given by tan δbg = −kabg. By sub-
stituting the phase shift in Eq. (14) with the scattering
length, as outlined above, we obtain
Kb = Koffb
(
1 +C1
k(abg − a)
1 + k2abga
)2
, (15)
where we assume all quantities to be real. To relate the
change in PA rate to variation of β, we vary Eq. (15)
with respect to a, abg, and k
δKb =
(
∂Kb
∂a
)
δa +
(
∂Kb
∂abg
)
δabg +
(
∂Kb
∂k
)
δk. (16)
We do not consider the variation of Kb with respect
to the coefficient C1 since both dipole matrix elements
defining C1 (see Eq. (10) have the same mass depen-
dence leading to a mass-independent coefficient (to first
order). We obtain(
∂Kb
∂a
)
δa = −
1 + k2a2bg
1 + k2aabg
D(k, a, abg)a
δa
a
,(
∂Kb
∂abg
)
δabg =
1 + k2a2
1 + k2aabg
D(k, a, abg)abg
δabg
abg
,
5
(
∂Kb
∂k
)
δk =
1 − k2aabg
1 + k2aabg
D(k, a, abg)(abg − a)δkk ,
where, to simplify the notation, we define
D(k, a, abg) ≡ 2KbC1k1 +C1k(abg − a) + k2aabg . (17)
Since we are mainly interested in the region close to the
sharp minimum of the PA rate, Kb(Bmin), and ka  1
as k → 0, except at the resonance at B0, we can neglect
terms of order k2 in the above equations, leading to(
∂Kb
∂a
)
δa ' −2KbC1ka
1 +C1k(abg − a) ·
δa
a
,(
∂Kb
∂abg
)
δabg '
2KbC1kabg
1 +C1k(abg − a) ·
δabg
abg
,(
∂Kb
∂k
)
δk ' ·2KbC1k(abg − a)
1 +C1k(abg − a) ·
δk
k
. (18)
Chin and Flambaum [20] have analyzed the relative
variation of the scattering length near a Feshbach reso-
nance using a two-channel model and obtained
δa
a
=
M
2
(a − abg)2
abga
1
ρ(Em)∆E
δβ
β
≡ ζa δβ
β
, (19)
δabg
abg
=
Npi
2
(abg − a¯)2 + a¯2
abga¯
δβ
β
≡ ζabg
δβ
β
. (20)
In Eq. (19), M is the vibrational quantum number
of the resonant bound state of energy Em in the closed
channel leading to the resonance of width ∆E ∝ ∆B, and
ρ(Em) is the density of states at the energy Em. In Eq.
(20), N is the the number of bound levels in the open
channel (without coupling), and a¯ = c(2µC6/~2)1/4 is
a mean scattering length (with c ' 0.47799) appear-
ing in the background scattering length abg = a¯[1 −
tan(φ − pi/8)], where the phase φ is obtained from a
semi-classical treatment [20]. Finally, noting that k =√
2µε/~2 = const.×β1/2, we find δk/k = δβ/2β. Group-
ing all those terms, we obtain (near the minimum)
δKb
Kb
∣∣∣∣∣
min
=
−2C1ka
1 +C1k(abg − a)
{
ζa −
abg
a
ζabg
+
(a − abg)
2a
}
δβ
β
(21)
As discussed above, at the minimum of the PA rate the
scattering length a(Bmin) is finite and well behaved, i.e.
unlike at B0 where a → ±∞, or at B = B0 − ∆B where
a = 0, according to Eq. (5). Therefore, |a| ∼ abg near
Bmin, implying that the last term in the bracket of Eq.
(21) is of the order of unity, while the second term is of
the order ζbg. Also, unless an accidental “zero-energy
resonance” is present for a particular system, a¯ ' abg,
and the number of bound level N is at most of the order
102, and so is ζbg ∼ Npi/2. The coefficient ζa, however,
can become very large. As pointed out in Ref. [20],
ζa exhibits three enhancement factors that can lead to a
large enhancement: the vibrational quantum number M,
the factor affected by the scattering length near the res-
onance, and the third term that contains the resonance
width ∆E, since ρ(Em)∆E can be very small. Therefore,
for the sake of simplicity, we keep only the first term
and write
δKb
Kb
∣∣∣∣∣
min
=
−2C1ka
1 +C1k(abg − a)ζa
δβ
β
≡ ξb δβ
β
(22)
We refer to ξb as the enhancement factor, and direct
comparison with Eq. (19) shows that we have gained
an extra term on δa/a obtained by Chin and Flambaum
[20], which depends on C1, a and abg. Using the expres-
sion (5) for a, we rewrite the enhancement factor as
ξb =
MC1k
[C1k(a − abg) − 1]
(a − abg)2
abgρ(Em)∆E
(23)
= M
abgC1k
(B − B0)(Bmin − B)
∆B
αρ(Em)
(24)
where Bmin = B0 − abgC1k∆B, and we used ∆E = α∆B
with α = h 840 MHz/G for Li2 [19]. The result in Eq.
(24) shows that for a given resonance, ξb will diverge for
two values of the magnetic field B; first at the resonance
B0 (where the above treatment is not accurate), and at
Bmin which coincides with the minimum of the PA rate
observed in [38, 40].
So, by measuring the variation of Kb, an enhanced
measurement of δβ could be achieved. As hinted by Eq.
(24) and expected from the large increase in Kb near the
resonance [38, 40], one can anticipate such an enhance-
ment at the resonance. However, even a low-intensity
PA laser will fully saturate the transition at the Fesh-
bach resonance and prevent a consistent measurement
(e.g., due to many-body interactions and large three-
body decay). In contrast, the minimum of the PA rate
for B = Bmin is not affected by the saturation effects and
its relative variation does not change with laser inten-
sity, as shown in Fig. 4. Therefore, it should be possi-
ble to increase the PA laser intensity at the minimum to
obtain higher molecular formation rate in experimental
realizations.
The enhancement factor ξb varies with both the prop-
erties of the Feshbach resonance and the target bound
state b considered. In particular, the position of Bmin
changes for different target level b, as has been observed
in earlier studies [42, 43]. By selecting the optimal tar-
get state b, one can improve significantly the detection
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Figure 5: The enhancement factor ξb into b = (83, 1) of 7Li2 (same
initial and final states as above). The line is discontinued in the region
where the expression (24) is not valid due to the saturation effects.
Inset: Zoom in on the peak. The enhancement factor for the magnetic
field measured up to 0.1 G and 0.01 G is indicated by black and red
dashed lines, respectively.
threshold based on the relative variation of the scatter-
ing length. Finally, the temperature of the ultracold
gas determines the collisional energy, possibly affecting
the profile and positions of Feshbach resonances, even
though these effects can be neglected in a sufficiently
cold gas.
3.3. Detection limits from Li2 and LiNa molecules
We proceed to obtain an estimate of the attainable
sensitivity of the photoassociation rate on the variation
of β. The enhancement factor ξb in 7Li2 was calculated
for the ro-vibrational level b = (83, 1) of 13Σ+g molec-
ular state formed as described above. We focus on the
region around the minimum of the PA rate at B = 710
G where Eq. (24) holds. The resulting enhancement as
a function of the magnetic field is shown in Fig. 5.
To better quantify the total number of molecules
formed, we assume a density of an ultracold gas in
the trap to be nLi ≈ 1012 cm−3, a PA laser intensity
of I = 1 W/cm2, and a volume illuminated by the PA
laser of V = 1 mm3. At B = 710.09 G, the PA rate is
Kb = 9.4 × 10−18 cm3s−1, resulting in the enhancement
factor ξb ≈ 2 × 108. If the total number of molecules
formed can be detected with an accuracy of 1%, detect-
ing about 100 out of 104 molecules while keeping the
magnetic field stable to about 0.01 G at 710 G, the vari-
ation of β up to 5 × 10−11 could be detected. In gene-
real, the total number of photoassociated molecules can
be increased by using higher PA laser intensity, while a
better control of the magnetic field lowers the detection
threshold.
As pointed out in Ref. [20], a better test of tempo-
ral variation of β could be obtained using a narrower
Feshbach resonance in a heavy molecule. To illustrate
the impact of the resonance width on the enhancement
factor and detection sensitivity, we consider a magnetic
Feshbach resonance found at about B = 759.0 G in the
least energetic initial hyperfine channel |11〉 in 6Li23Na.
This resonance was originally assigned as an s-wave
resonance [53, 54], and recently re-assigned as a very
narrow d-wave resonance [55]. Using the same ap-
proach as outlined above for Li2, we calculate the en-
hancement factor ξb for forming 6Li23Na molecules in
the ro-vibrational state b of the 11Π electronic state. As
before, we solve the resulting coupled-channel equa-
tions in a magnetic field, using the most recent poten-
tial energy curves to model the two lowest-energy sin-
glet and triplet states [56], as well as the ab-initio po-
tential energy curve for the excited 11Π state, and the
corresponding transition dipole moments [57], while the
spin-orbit interaction and other non-Born-Oppenheimer
corrections were not included in the model. The re-
sulting Franck-Condon factors are particularly favor-
able for forming molecules in the ro-vibrational level
b = (59, 1). We show the corresponding PA rate Kb and
the enhancement factor ξb in Fig. 6.
We find that the PA rate of 6Li23Na molecules within
the two-channel model can be parametrized by abg =
−73 a0, ∆B = 0.02 G, B0 = 759.0 G [55], and C1 =
−480, Koffb = 4×10−11 cm3s−1. The last vibrational level
in the (X)11Σ+ state gives M = 44 [56]. The minimum
of the PA rate occurs at about B = 754.9 G, where we
predict that about 1.8×105 molecules per second can be
formed for the PA laser intensity of 1 W/cm2. Assum-
ing gas density and illuminated volume as in the calcu-
lation for Li2, and the stability of the magnetic field of
up to 10−3 G at the resonance, this corresponds to the
enhancement factor ξb=(59,1) ≈ 109. Hence, observing
the variation of the PA rate on the order of 10 molecules
per second would amount to detecting a change in β of
about 1 in 10−13.
4. Summary
In the present study, we developed a simple con-
nection between variation of the photoassociation rate
of diatomic molecules near a magnetic Feshbach res-
onance and variation of the electron-proton mass ratio
δβ/β based on the work of Chin and Flambaum [20].
Our theory is based on the demonstrated sharp variation
of the photoassociation rate for a diatomic pair near a
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Figure 6: Top: Photoassociation rate Kb for 6Li23Na (11Π, v =
59, j = 1) for the PA laser intensity I = 1 W/cm2 as a function of
the magnetic field. Bottom: The enhancement factor ξb for the corre-
sponding magnetic field.
Feshbach resonance. While the expresions derived in
the paper are specific for photoassociation of diatomic
molecules near a magnetic Feshbach resonance, they
could be generalized to other systems with similar prop-
erties, such as molecular ions or Rydberg molecules.
The derived proportionality relation was used to esti-
mate the sensitivity of the photoassociation rate to pos-
sible temporal or spatial variations of β. The enhanced
sensitivity of the photoassociation rate to the variation
of β was demonstrated in ultracold Li and Li-Na gases,
where we made an attempt to develop a realistic model
and obtain reasonable estimates of the maximum attain-
able detection threshold under experimental conditions.
Our calculations indicate that it would be possible to
detect relative variability of β on the order of 1 in 10−13
by monitoring the PA rate of ultracold LiNa molecule.
At the moment, several existing and proposed precision
measurement experiments aimed at detecting variation
of β are able to achieve higher sensitivity. However,
our estimates are rather conservative with respect to the
experimental parameters and based on currently avail-
able and well-studied gases. We expect a significant in-
crease in detection sensitivity could in heavier diatomic
molecules, such as Yb2 or 133Cs2 molecules, photoas-
sociated near a very narrow Feshbach resonance. For
example, a much narrower optical Feshbach resonance
with an externally controlled coupling strength [58] or
a g-wave magnetic Feshbach resonance in 133Cs [59],
would increase the enhancement factor by several or-
ders of magnitude. Assuming the resonance width
of ∆B = 5 mG [59], and the detection efficiency of
molecules of 0.1 % near the minimum of the PA rate,
a test of variation of β on the 10−15 − 10−16 level could
be performed. This is comparable to the most accurate
current laboratory measurements of β. Finally, a num-
ber of narrow Feshbach resonances has recently been
observed at low magnetic fields in heavy systems such
as erbium and dysprosium [60, 61]. Such systems could
allow an even better control over the magnetic field and
possibly further improve the detection threshold of the
proposed approach.
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discussions. The work of M.G. was partially supported
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